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1. Introduction o index set ( 0c ©),
In set theory the generic coverings mainly intervene in HA cardinality of set A,

the compactness (topology) study. For the rest their role is

marginal, while greater importance belongs to particular > such that.

coverings called partitions. Each covering canonically
induces a partition, while the vice versa not hold. The

2.2. Preliminaries

transformation of the coverings into partitions is intuitive 2.2.1. Coverings
and_ irpmediate_, apparo:ently self-evident: h_OV\_/ever this is a @ eC cP(Q),C =Q:
topic ignored in the literature. Here we limit ourselves to
illustrating the transformation from covering to partitioning. C =Cq = {Co}oco covering of Q,

In the second part we mention the partition topologies, Cy=C eC cover or covering-element.
called clopen or quasi-discrete [1]. An homeomorphism
theorem is proposed which also clarifies the quasi-discrete Cx={CeC |x e C} coverage (or nhb) of x,
appellation. Ci= NC, hull (or minimal nhb) of x,
2 Premise Cx = {Ci}xea new narrow covering by C.

2.1. Assumptions 2.2.2. Partitions

Degll={Pyloco <P (Q),ull =Q & v 0

Q environment set,
Me@ O n=>PynNP=0:
P(®) its power set, 7 " ’ '
. Cqh=1II = e artition -coverin
{X}xex=X €P (Q) a set with its elements, " {Xheo } P g
[X] equivalence class of x in I1,
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E=[x] eCh tile or partition-element.

3. Partitions
3.1. Equivalence Relations

A relation R on Q (with the diagonal Ay ={(X,X)}xcq)
reflexive (Ax < R), symmetric (R = R-?) and transitive (R o
R < Ay), is called equivalence relation R on Q and, V xeQ,
the set [x] = {ye Q | xRy } is called equivalence class of x.
The set {[X]}«cq is apartition of Q; and given a partition IT
={Py}lsco of Q, we define the equivalence relation R: xRy
iff (xe Py, ye P, = 0=n).

3.2. Saturation

Let C be a covering of Q and Il a partition of Q.
Whether for any C €C there is a family @ of I, such that
C=u @, we call : T1, saturates C or C saturated by Ilg
or saturation of C with Il .

3.3. Comparisons

Let IT; and II, be partitions on Q. In the struct [1]
(Mg , <p) we define a pre-order relation, denoted IT; <
IT, , and we say I1; is finer (or stronger or larger) than IT,
or I, is coarser (or weaker or smaller) than I1;, when IT ,
is satured by IT;. For any partition ITitis:

(IT indiscrete conventional partition (only the environment
set), I1, discrete partition (all singletons) ).

4. Partition from covering

Proposition 1. With previous (2.2.1 hull) denotations,
each covering C of Q generates the new narrow covering
Co = {C}xeq , from which descends a new partition-
covering of Q which is the coarsest saturation Il of Q
(that we call saturation induced by (or associated with) a
covering ).

Proof. [2] Arbitrarily chosen a point x €Q , the hull
Cyx is unigque and the narrow covering is uniquely
determined by construction. Then we define:

Pr={yeC«|Cy=CJ, Ny={yeC|C,# Cj
It results:

Py UNk=Cy, PkxnN,=@ = [X]=P; ( {[X]}xca =
{PX}XEQ=HC)

and

@) Uxea P2 Q5 B) XD = X0 D
@
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The [x] construction acquires each single hull C, in its
entirety or otherwise the construction partitions it into its

disjoints subsets and this way foreach x e Q. m

5. Topology
5.1. Topology from covering

Proposition 2. From each covering C of Q there is the
coarsest topology t such that contains C called generated
by C .

Proof . [3](Ch.1-3.5). m
5.2. Topology from partition

A topology Tt < P (Q) (and B (<) its basis) is called cl-
open (or quasi-discrete [1] or pseudo-discrete or a-discrete)
topology when the only open sets of t are closed (and all the
closed sets for t are open).

Each partition IT = B(t,) is basis for a cl-open topology,
denoted 7t :

AgP(H)rA <, A:{CAEP(H)}AEA = A
ST,

Tco >0cct (Heo=> H et(t co) = H
ec =>Hert);

{8,Qc tno=1=0c.

The next proposition characterizes the quasi-discrete
topologies and justifies their naming.

5.3. a - discrete topology

Proposition 3. Whether, in a topological space (Q,t1),
it is =0 (with o its closed set family) then (Q,t) is in
homeomorphic correspondence to (Y, P(Y)) for some set
Y, and t is called a-discrete topology, where it is o = #Y.

Proof. [4]Vxe Q let Ay, ={Aet=0c| XeA}be
and Ay, = " Ax et=oc.ItssVye Ay = A = A
(A, CACAM € Ax A, CcA)) Letxry <oA=
A, be. This ~ is an equivalence relation. {[X] }xcq is a base
for t and a partition of Q. Y = Q/ = complete the proof.m

6. Examples
6.1. Denotations

R real (r) number set, R ~ = ]-c0, O[ (negative r.), R"
=]0,+oo[ (positive r.), R’y = J-o0, 0] (non-positive r.), R*,
=[0,+oo[ (non-negative r.), [-n,n] ={xe R | -n<x<n}
closed real interval, & =]-1,+#1[ (open relative unitary
interval).



6.2. Coverings
oc) Ca = {R“o y R+0 }
B)Cp ={R7, R R}

7C, ={r7%, R

R0}
8) Cs ={R7,{0},R"}

6.3. Partitions from coverings
o) II,=Ce,,

p-y) Iy = Hs= {]-,-1],]-1,0[, {0}, ]0,1[ , [1, =
[},

§) M= C. = {R7,{0},R"}.

6.4. Topologies from coverings

@) . ={D,R, R, R, {0}},0,={D,R,R,R,RUR"
h

B) 15 = {@,R,B,R R RUR" L[ 10,1, 1-1,0[ U J0,1[,
J-oo, [, T-14o0[ } (0 ¢ 7p);

V5= 1D, R, Ro {0} R, R, 1-1,01, [04[, J-oo, 1], I-
140 } (]-10[,[01] ¢ 7,);

8) 15 ={J, R, R, {0}, R", R, Ry, R UR"}.
6.5 Topologies from partitions

In & we have 3-discrete topology, while in partitions
generated by B and y there is 5-discrete topology. The
coverings Cg and C,  generate different incomparable
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topologies tz and 1y, while they generate the same partition
Il =II, , that, in turn, it generates the 5-discrete topology
Tng OF Ty Strictly finer than tg and 1,

7. Conclusions

Here is presented the transformation of an arbitrary
covering in partition. The set theory literature, aside from a
partial and incomplete proof [5], does not address this topic
because, while the statement is self-evident, a proof is not
immediately obvious. Furthermore a homeomorphism
theorem between clopen spaces is presented.
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